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Abstract 

We consider the spontaneous breaking of supersymmetry in five dimensional 
supergravity with boundaries where the supersymmetry breaking mechanism is 
provided by the even part of the bulk prepotential. The supersymmetric action 
comprises boundary brane terms with detuned tensions. The two branes have 
opposite tensions. We analyse the possible vacua with spontaneously broken 
supersymmetry. A class of solutions corresponds to rotated branes in an AdS^ 
bulk. In particular parallel branes which are rotated with respect to the bulk 
preserve 1/4 of supersymmetry. We analyse more general vacua using the low 
energy effective action for gravity coupled to the radion field. Supersymmetry 
breaking implies that the radion field acquires a potential which is negative and 
unbounded from below. This potential is modified when coupling the boundary 
branes to a bulk four-form field. For a brane charge larger than the deficit of 
brane tension, the radion potential is bounded from below while remaining flat 
when the charge equals the deficit of brane tension. 

1 Introduction 

Supersymmetry breaking is one of the stumbling blocks of physics beyond the 
standard model. String inspired models suffer from the impossibility of breaking 
supersymmetry at the perturbative level . Non-perturbative mechanisms such 
as gaugino condensation provide a useful framework although one has to 
resort to race-track potentials which are not free from fine-tuning problems [Sj. 
An appropriate way of breaking supersymmetry would have to face stringent 
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experimental constraints springing from both particle physics and cosmology. 
In cosmology, the cosmological constant issue requires to adjust the vacuum 
energy to almost zero energy compared to the Planck scale @]. This is difBcult 
to reconcile with supergravity breaking where one expects a vacuum energy of 
the order 0{m'^^^Mpi). In particle physics, one expects that the non-observation 
of superpartners is due to a large mass splitting of the order of one TeV within 
supersymmetry multiplets. 

Recently a new paradigm for supersymmetry breaking has been provided 
by extra-dimensional models 5^. In particular D-branes [HI allow new mecha- 
nisms of supersymmetry breaking. For instance supersymmetry breaking may 
be transmitted from one brane to another by bulk fields leading to hierarchical 
energy scales [?]■ One can also design brane anti-brane configurations which 
break all supersymmetry [SI [SJ I10| and non-supersymmetric branes which tend 
to be unstable objects [Hl^J- A A'' = 1 superspace formulation of 5d super- 
gravity in a flat background with boundary branes has been recently presented 

m 

In this paper we will focus on a simpler framework, i.e. the supersymmetric 
Randall-Sundrum model where bulk supergravity is coupled to two boundary 
branes [HI mUSl [H [TTl HI PVW.ll , 11 031 01 03 ESI ■ In particular 
we will be interested in spontaneously broken supersymmetry whereby branes 
become tilted, i.e branes which are not hyperplanes at constant when the 
bulk metric reads 

ds^ — dx\ + a?{x<^)rifj_,ydx^dx^ . (1) 

In section 2 we will consider the supersymmetric Randall-Sundrum model spon- 
taneously broken by the even part of the bulk prepotential JO]- This amounts 
to detuning the tensions of the boundary branes by a factor T < 1. In section 
3 we present a class of solutions representing rotated branes. These branes are 
hyperplanes at angles. In the non-singular case of rotated and parallel brane 
configurations, Lorentz invariance is broken down to 50(1,2). In section 4 we 
find the Killing spinors for parallel branes preserving 1 /4 of supersymmetry. We 
also consider the massive gravitini showing that they do not survive due to the 
incompatibility between the boundary conditions on the branes and the prop- 
agation in the bulk. Finally in section 5 we analyse supersymmetry breaking 
from the four dimensional point of view using the low energy effective action. 
This allows one to discuss generic supersymmetry breaking vacua. We find that 
the radion potential is negative and unbounded from below. Hence cosmological 
solutions all end up in a big crunch singularity. We also discuss non-singular 
static configurations. Finally we couple the boundary branes to a bulk four- 
form field. One finds a BPS bound linking the charge to the deficit of brane 
tension. When the charge exceeds the BPS bound the radion potential becomes 
bounded from below with a vacuum corresponding to infinitely far apart branes. 
The BPS case when the charge equals the deficit of brane tension leads to a van- 
ishing potential for the radion field. In section 6 we give some comments and 
conclusions. We have also included an appendix where the equivalence between 
a single AdSi- brane and a rotated brane has been made explicit. Another 
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appendix deals with details about massless gravitons and rotated branes. 

2 Supergravity with Tilted Boundary Branes 

2.1 Boundary conditions on tilted branes 

We extend the known supersymmetrization of the Randall-Sundruni model |16| 
to the case where the boundary branes are tilted. In particular we deduce a 
supersymmetric Lagrangian and associated boundary conditions which are com- 
patible with arbitrarily curved boundary branes. The issue of supersymmetry 
breaking by the tilting of the boundary branes will be tackled in section 3. 

Let us consider pure supergravity in the bulk comprising a supergravity 
multiplet containing the metric gab, a, 5 = 1 ... 5, the gravitini tp^ where A = 

1.2 is a symplectic index (the gravitini are Majorana-symplectic spinors), and 
finally the graviphoton Aa- The graviphoton can be used as the gauge field 
when gauging a U{1)r subgroup of the SU{2)ji symmetry. Such a gauging 
implies the presence of a cosmological constant ~6k^ in the bulk and modifies 
the supersymmetry variations (with the normalization of \'27\] 

<5Va^DD„e^-^P^^7aeB. (2) 
The bulk bosonic action reduces to the AdS^ action 

\ ( d'^xy/^i^R + Gk^) (3) 

admitting a bulk solution of the equations of motion in the form |13| 

ds^ = dxl + a^{xz)r]f^ydx^dx'' (4) 

where 0(3:5) = e^^^'-" is the warp factor. 

We would like to define supergravity on a Z2 orbifold with arbitrary bound- 
ary branes. To simplify matters we assume that the boundary branes are located 
at 

x\=ii{x% xl^p + Ux^ (5) 

where ^1^2 are infinitesimal displacements. 

In order to define a covering space it is convenient to perform a change of 
coordinates which straightens up both branes defining 

x^ =x'^ +^^{x^,x^') (6) 

where the function must satisfy 

e{£,ux^) = -Ci, e{p+^2,x^^) = -6. (7) 

The resulting branes are located at 

x\ ^Q,xl= p. (8) 
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The simplest possibility for is provided by a linear function in . One must 
accompany the change in with a small change of four dimensional coordinates 



( r -4^,d,e{u,x^))^x'^ + e- (9) 



Such a transformation implies that the metric is not in a normal Gaussian form 
anymore 

555 = 1 - 295^5 (10) 

where ^5 = and 



\l + 2keW. + 2[j ^^d^d^^iu^x^))]. (11) 



The main property of the change of coordinates where the branes are straight- 
ened up is that 

9^.5 = 0. (12) 
Defining the radion as the distance between the boundary branes 

■R = / Vl^bdxr, = p + 6 " Ci (13) 
Jo 

one finds that it is independent of the choice of . 

We can now define the Z2 action in the {x^,x'^) coordinates by compacti- 
fying the x^ coordinate on a circle of perimeter 2p and identifying (2:^,2;'') = 
(— i^, 2;^). The two boundary branes are now fixed points under the Z2 action. 

In the non-gaussian coordinate system, one can impose the usual boundary 
conditions on the fields which acquire the usual parity under the Z2 action. 
Thus 5^1/ and 555 are even, 5^5 is odd, is odd while A5 is even. The gravitini 
have particular boundary conditions 

(.6^-rQ^)^^ = (14) 

and 

isi + rQ^B)i'i -0 (15) 

on both branes where we have introduced 

r = -n°7a (16) 

and is the normalized normal vector to the brane whose fifth component is 
chosen to be negative. We have also used a matrix Q'^ in the Lie algebra of 
SU{2). Finally, the odd fields 5^5 and vanish on the branes. 

We can now perform the inverse change of coordinates going back to the 
situation where the branes are tilted and the bulk admits Gaussian normal 
coordinates. As already stated the 5^5 component of the metric vanishes in 
both frames. This leads to no restriction on the metric from the Z2 symmetry. 
We will focus on the boundary conditions for the gravitini in the supergauge 
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^5=0 and tp^ = 0. Indeed we will analyse the mass spectrum of Kaluza- 
Klein states for the gravitini using this constraint in section 4. The boundary 
condition of the graviphoton on the brane becomes 

while the two boundary conditions for the gravitini become 

('J^-rQl^Xlb.ane^O (18) 

supplemented with 

{d^m^^Wane = 0. (19) 

Here the normal vector reads 

^ - (20) 



where 



= (a^a,2,-i). (21) 

These boundary conditions will be crucial in determining the spectrum of grav- 
itini. Finally the boundary condition for the spinors parametrizing the super- 
symmetric variations is 

{Si-TQ^^)e^^O (22) 

on the brane. 



2.2 Supersymmetric action 

Let us come back to the supersymmetrization of the brane and bulk system. To 
do that we need to specify the prepotential in terms of even and odd functions 
under the Z2 symmetry |1(J) 

,9 



-pAB ^ j(^)l/2[g(^^)^ygAi3 ^ fc^/IT^S^lB] (23) 

8 

where the matrices Q and S anticommute {Q, E} — and — 1, Y? — 1, 
together with the Lie algebra properties of hermiticity and tracelessness. The 
function e(x5) jumps from -1 to 1 at the origin and from 1 to -1 at p. 

The variation of the action under a supersymmetry transformation of spinor 
e"* leads to boundary terms from the gravitino kinetic terms. More precisely 
the action of the fifth derivative on the odd part of the prepotential leads to 
delta-functions which can be compensated by the variation of the boundary 
action [TUll^ 

S = -^ [ d^a:V^+^ [ d^xV^ (24) 

'^S -Jl '*5 ^2 

where /i^i, is the induced metric on the brane. The brane tensions are constant 
and opposite 

A± = ±^ (25) 
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Notice that the factor T < 1 introduced in the prepotential and parameterizing 
its even part leads to a detuning of the brane tension with respect to the tuned 
Randall-Sundrum case T = 1. More general detunings in supergravity have 
been considered in [22]. 

The action comprising the bulk supergravity Lagrangian and the boundary 
brane terms is supersymmetric. We will see that as soon as T < 1 supersym- 
metry is spontaneously broken. The boundary brane action with T < 1 implies 
that static branes sitting at constant in the bulk are no longer vacua of the 
theory. 



3 Rotated Branes and Lorentz Invariance Vio- 
lation 

3.1 Rotated branes 

One can easily find a class of vacua of the spontaneously broken models T < 1. 
Going to conformal coordinates 

ds'^ ^ a^{y){dy^ + ij^.^^dx^'dx") (26) 

in the bulk where a{y) = 1 /fcy, one can accomodate the change of boundary con- 
ditions induced by the detuning of the brane tensions by rotating the boundary 
branes with respect to the y axis. Decompose four dimensional vectors according 
to an orthogonal basis {h^ , ef ) where is space-like and e^ry^j/ = r/^. For in- 
stance^ we identify x^' = X^+X^e'^ and dx^'dx^, = -dX^ + dX^+dX^ + dX^ . 
Consider the rotation 

„ _ y-VJ^X 
X + Vh^y 

VTT7? 

(27) 



X 



where the angle of rotation 9 satisfies tan 9 — \lh?. We leave (Xi^.Xx^Xi) 
invariant. This leads to the metric 



^ a^^^^£^)idf - dXl + dXl + dXl + dX^) (28) 

vi + ft-^ 

in the bulk. One of the boundary branes located at (y = constant) satisfies the 
Israel boundary conditions 

9 \y— constant — > — rr ^ "^-^ V "^Z 

Vl + 



•^We denote by dot the Minkowski scalar product ; similarly is defined as /ipr?'"'/!,^. 
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provided the tilting vector h^^ fulfills 

h' = ^-l. (30) 

Notice that this vector is indeed space-like. Perform then the inverse rotation. 
The brane is located at y = h.x + constant in conformal coordinates {x^,y). 
Apply the same procedure to the second boundary brane. We thus find that the 
two boundary branes depend on two tilting vectors 2 with the same norm. 
We choose the positions of the branes to be at 

1 e'^P 
y = hi.x + y ^ h2.x + —. (31) 

The constants have been chosen for convenience. The branes are hyperplanes 
in conformal coordinates. They correspond to rotated branes which are moving 
if ho 7^ 0. In the following we will refer to this brane configuration as rotated 
branes. We will be particularly interested in the parallel configurations 

1 e''P 
y ^ h.x + -, y ^ h.x + (32) 
k k 

where h = hi = /12. Such configurations are not perturbatively connected to the 
usual boundary branes of the Randall-Sundrum model located at y = const. 
Indeed the distance between the branes, i.e. the radion, is 

which goes to infinity on the planes where the two branes reach y = 0. 

As r < 1 one might have expected to find the ^^5*4 brane configurations 
of [22! ■ This is only possible if the two boundary branes carry two tensions 
of the same sign. Here the opposite sign of the tensions forces us to consider 
two rotated branes with the same norm hf = h2 (see appendix A for more 
details). 

Let us examine the geometry of one of the boundary branes in more de- 
tail. Notice first that the boundary branes hit the boundary y — along an 
codimension two plane. Focus on the positive tension brane. This happens for 
hi.x + ^ =0. For convenience sake, let us focus on the case where hi lies along 
the third axis only. The induced metric reads 

dsl = dz^ + e-2^/T^fez (_^^2 ^ ^^2 ^ ^^2) (34) 

where we have identified 

k^/l^T^z = ln{khiX3 + 1) (35) 

Notice that such a coordinate system is only valid on one of the branes at a 
time and not globally. When the brane hits the boundary at y = 0, the coor- 
dinate z —oo. Moreover z covers the whole real line. Using the coordinates 
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(t, Xi,X2, z) the boundary geometry does not present any pathological behaviour 
and is simply identified with AdS^ with cosmological constant 

^Ads, = ~3fc2(l ~ T^) (36) 

The same analysis applies to the second brane of negative tension. 

There are three typical global configurations that one may envisage for the 
two brane system. First of all the brancs can intersect and the supergravity 
description breaks down at the intersection hyperplane. This is the generic 
case. One may also consider the case where the would-be intersection is beyond 
the AdS^ boundary located at y = 0. Finally one may send the would-be 
intersection to infinity by choosing the two branes to be parallel. In the following 
we will focus on the parallel case. 



3.2 Lorentz invariance violation 

One can use either the description in terms of rotated branes or change coor- 
dinates to non-rotated boundary branes with a space-time dependent metric. 
In order to study the violation of Lorentz invariance it is convenient to use the 
non-rotated boundary brane picture after the change of coordinates 
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(x'-^i). (37) 



p + 6 - Ci 

For small brane tilting ^1^2 this corresponds to 

e = ^^^x, - a (38) 

p 

where leads to 

6 = h.x, 6 = e~''Ph.x. (39) 

for small and small enough x. The metric is not in the normal Gaussian 
form anymore 

555 = 1 + (40) 
P 

and 

g^^ ^ a'^{l + 2k^5)r,^^. (41) 

This implies that the background can be described as obtained from the Randall- 
Sundrum background by switching on a non-trivial vev for the radion field 

<R>{x)=p + ^2ix)~ii{x). (42) 

This is an explicitly Poincare violating effect as it is x'^-dependent. More pre- 
cisely, let us perform a Lorentz transformation 

f f = + M^"'x^ (43) 
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where M^'^ is antisymmetric. The bulk metric is invariant provided 

M^'^h'' = 0. (44) 

The Lorentz group is broken to SO{l, 2). Similarly translation invariance = 
+ a^^ implies that a^/i^ = 0, i.e. momenta are only defined in the plane 
orthogonal to h 

P^h^ = 0. (45) 

The Poincare invariance of the bulk metric is the three dimensional Poincare 
group. 

Another way of realizing that Poincare invariance is broken springs from the 
induced metric H34|l on one of the boundary branes. The boundary metric of 
AdSi admits a SO{2,3) invariance with a 50(1,2) subgroup of linearly acting 
Lorentz transformations. 



3.3 Brane supersymmetry breaking 

As well as Lorentz invariance violation in the bulk, supersymmetry on the branes 
is also affected. We consider brane matter in the form of four dimensional chiral 
superfields <I> living on the positive tension brane. The coupling of brane matter 
to the radion superfield springs from the Kahler potential [201 

K ^-3 ln(l - e-'^(^+^) - |$n (46) 

where $ is dimensionless and S + S ~ 2R. Now the kinetic terms of the radion 
field in the Einstein frame reads 

flQ 

L,.n = Kss\g^\'. (47) 
This leads to a soft supersymmetric breaking mass for the chiral multiplets 

m|=6fc2e-'=(^^+5)|^|2 (48) 
ox 

for large R. More explicitly, the soft breaking mass reads 
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2 ^6fc2l_l!e-2fe<«>. (49) 



As expected this mass term is Poincare violating due to the explicit dependence 
of < i? > on the space-time coordinates. 



3.4 Massless gravitons 

We will analyse the influence of the breaking of Poincare invariance on massless 
gravitons. Let us first state the Israel junction condition on both branes 

K^,^ ~ h^^K = ±3Tkh^^ (50) 
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where h^i, is the induced metric on the branes. This impUes that 

i^^, = TTfcV- (51) 

It is convenient to introduce the vielbein e° = where is the embedding of 
the branes in conformal coordinates. In our case the only non-zero components 
are 

e; = S;, el=d^Y'^h^. (52) 
The extrinsic curvature tensor is defined by 

K^, = e'^^elDaJib. (53) 

The perturbed metric is chosen in the bulk 

dsl = a^iy) (dy^ + (r?^, + n^^x^, y))dx''dx"^ . (54) 

This imphes that to first order in n^i, 

n = aA{h^,-l) (55) 

where 

A= , =(1 + ^ . . . )■ (56) 

The perturbed Israel junction conditions to first order in n^v read 

" (57) 

where we have expHcitly used d^h'^ = 0. 

A sufficient way of satisfying the junction conditions is to impose Neumann 
boundary conditions 

n^dan^,^ = (58) 
on the branes. In the bulk the graviton modes read 

n^.(2/,x^)=0(2/)e'f-^n^. (59) 

where = for massless excitations and n^,^ is transverse and traceless. In 
the massless case (p{y) is constant so that the Neumann boundary condition is 
automatically satisfied provided that 

p.h = (60) 

corresponding to the absence of translation invariance in the normal direction 
to the brane. The boundary condition implies then that 

/I'^n^. = 0. (61) 
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This is tantamount to saying that gravitons must be polarised along the brane, 
i.e. orthogonal to the brane normal vector. The necessary and sufficient analysis 
of the boundary conditions is detailed in Appendix B. 

The condition d^h^ = Q breaks the residual gauge symmetry a;^ + 
where De^ = to preserve the transversality of the metric perturbation and 
dcc'^ = to preserve its tracelessness. We have to impose 

e.h = (62) 

reducing the number of gauge degrees of freedom. 

The tensor n^i^ has five independent components. Let us choose h — (0, 0, 0, h^). 
By an appropriate S0{1, 2) Lorentz transformation one can put p = (lu, 0, w, 0). 
The transversality condition imposes that tiq^ — n2^. Moreover leads 
to ris^ = 0. The residual gauge invariance with e'^ = allows one to put 
noo = fioi — 0- The polarisation matrix vanishes altogether. One can also 
understand this result by noticing that the polarisation condition and the re- 
stricted gauge invariance imply that massless gravitons effectively behave like 
(1 + 2) massless gravitons. In three dimensions, a traceless transverse symmet- 
ric matrix has two independent degrees of freedom which are eaten by the two 
residual gauge invariances. 

In conclusion we have seen that rotated and parallel branes are classical 
vacua of five dimensional supergravity with a non vanishing even part of the 
prepotential. Poincare invariance is broken down to three dimensional Poincare 
invariance implying that no massless gravitons propagate in the bulk. 



4 Supersymmetry Breaking 

In this section we will examine the spontaneous breaking of supersymmetry 
due to the detuning of the brane tension and the corresponding rotation of the 
boundary branes with respect to the AdSc, bulk. We will first consider the 
Killing spinors and then the gravitini in the bulk. 

4.1 Killing Spinors 

The brane configuration preserves supersymmetry provided one can find Killing 
spinors compatible with the boundary conditions due to the Z2 orbifold sym- 
metry |17| . Imposing that the supersymmetric variation Sij}-^ = 0, a = 1 ... 5, 
A = 1, 2 implies that 

Dae^ - '-^laV\e^ = (63) 

where we are considering the bulk metric in conformal coordinates. This reduces 
to 

dae^ + ^-^l\e^ + Y^aiTQ^B + VT^'^^)e^ = (64) 
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written with flat space Dirac matrices now. Let us introduce the projectors 

nis = ^[-^B ± 15{TQ^B + VT^Sl,)] (65) 
and the eigenspinors 

nis4 = ±4- (66) 

Now projecting H64() for a = 5 on both chirahties and considering the foUowing 
ansatz 

eiix^^,y)^f±iky)eiixn (67) 

yields 

and therefore the profile of the Kilhng spinors 

f±{y) = a^'^'{y)- (69) 

Notice that the two types of Kilhng spinors are either peaked on the first or on 
the second brane. Let us now use the remaining Killing spinor equations for 
a = /X 

d^e^ - kaiyh^-f'n^B^'' = 0.. (70) 

Projecting again on both chiralities and using the explicit dependence of e± on 
y, we find that 

e+{x^') = el + kx'^j^.jh'L (71) 

where e^. are space-time independent and we have omitted the symplectic in- 
dices. The corresponding four dimensional Majorana spinors are defined as 
follows : 

4 = U{y)e+{xn , el = f+{y)eUxn (72) 

and 

el = f-{y)e2{xn , el = -/-(y)e]^,(a:'^). (73) 

Let us now examine the compatibility with the boundary condition (|22ll . evalu- 
ated on both branes and depending on the matrices F ~ ^(7^ — h^'y'-'-). After a 
SU{2)b. rotation sending Q in the real (cti, (J3) plane and TQ + Vl — 0-3, 
we find that Q^^ — T and Q^2 — eVl — T^, e = ±. Defining the normalized 
vector Ufj, = t'^ if 2^ 7^ li we find that the boundary condition reduces to 

!^{y)e-{x^) = -e^ l_2:/+(j^)e+(x^) (74) 

evaluated on both branes. This implies that 

e"(a;^) = , (1 + eu.7)e+(x^) = 0, (75) 
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i.e. only two components of the spinor e+ survive the projection. Thus only 1/4 
of the original eight supersymmetries are conserved by the vacuum for T < 1 
parallel branes. The existence of configurations with less than four supersym- 
metries in 4d has already been considered in [3D]. The explicit appearance of 
the non-zero signals a breaking of 4d Lorentz invariance too. 

In the case T = 1 with non-zero light-like tilting vector /i^, we have on each 
brane instead of H74() : 

= ^^ih.j)Uiy)e+ixn- (76) 
This results in the (4d Lorentz violating) constraints 

e'{x^') = , {h.J)e+{x^') = 0. (77) 
This also preserves 1/4 of the supersymmetries. 

4.2 Gravitini in the bulk 

Having realized that a generic tilted configuration breaks supersymmetry one 
can expect that the tower of Kaluza-Klein modes for the gravitini is going to be 
affected too. Let us consider the gravitino equation in the bulk first 

r^'^Dbi^^ + V2iV^B^cB = (78) 

where we consider the supersymmetric gauge "05 = 0. This can be reexpressed 
as 

r^'d.^f - aj^r-'d.^f + Y^^'^'^'^f - Skaj^r^i^is^p) = (79) 

for a = fj, and the gamma matrices are associated to the Minkowski metric here. 
Let us perform as before a SU{2)j^ rotation to send n± to 

niB^^isi±jH^3)^) (80) 

and decompose the symplectic spinors according to 

(17+Vp)' = 0+(x5)^+,Xa;^), {n+i^pf = 0+(x5)V;i(x'^) (81) 

and 

(Q-^p)' = 0-(x5)v;^(2;^), (n-^^pf = ^^-{x5)^;j,{xn (82) 

where the two spinors tp^ are four dimensional Majorana spinors. Due to the 
symplectic features of the five dimensional spinors, it is sufficient to consider 
the A = 1 equation only. Moreover we are looking for massive gravitini from 
the four dimensional point of view 

r^Pd,^^ ^m^^f^Pf.. (83) 
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Notice the change of chirality. The gravitino profiles satisfy 




m 



a 



950+ 



+ 




(84) 



These are the same differential equations as for the supersymmetric Randall- 
Sundrum model I19| . Using the a = 5 equation we obtain the irreducibility 
constraint 



The discussion is exactly the same as for the Killing spinors. For proportional 
tilting vectors, 1/4 of them would survive the projection : 



in the massive case. Only massless gravitini survive in agreement with the 1 /4 
of remaining supersymmetries. 

In conclusion we have found that parallel branes are vacua of spontaneously 
broken 5d supergravity preserving only 1 /4 of supersymmetry and 3d Poincare 
invariance. 

5 The Low Energy Action 
5.1 Radion instability 

So far we have only considered parallel and rotated brane vacua of 5d super- 
gravity and shown that supersymmetry is broken in that case. We have also 
discarded other vacua which lead to brane intersections where the supergravity 
description breaks down. In this section we will use the low energy effective 
action describing the dynamics of the moduli fields, i.e. the graviton and the 
radion in the bosonic sector. This allows one to analyse a wide range of pos- 
sible vacua including time dependent configurations. Nevertheless, the rotated 
branes may be out of reach of the low energy approximation due to their non- 
perturbative nature compared to the Randall- Sundrum straight branes. We 




(85) 



(86) 
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will analyse the static solutions of the low energy equations of motion and find 
configurations which are locally similar to the rotated branes. 

As an example, one can embed the two boundary branes in an AdSs-Schwarzschild 
background with black-hole mass /i and 3d sectional curvature q to find that 
the branes move according to 

= [T^ - l)fc2 - ^ + (89) 

where H = f/r. These backgrounds break supersymmetry too |31| . More 
generally the brane geometry is described within the projective approach |32j 
where the brane Einstein equations depend on the matter content of each brane 
and the projected Weyl tensor. The latter is bulk dependent and reduces to the 
black hole mass in the time-dependent setting. In general, one does not know 
how to describe the general solutions of the boundary brane Einstein equations. 
On the contrary when the matter content of the branes is a small perturbation 
compared to the brane tension of the Randall- Sundrum T — 1 case, one can use 
the moduli space approximation to understand the dynamics fully. 

This description is known to coincide with the projective approach as long 
as the deviation of the brane tension from the BPS [T = 1) case is small, i.e. 
when \T — 1| << 1 [33]. The fact that T ^ 1 leads to a non vanishing potential 
at low energy for the radion field. We will analyse the solutions of the equations 
of motion and show that either the configuration ends up in a cosmological 
big crunch singularity or the radion vanishes in a locus where the supergravity 
description breaks down. 

In the moduli space approach, one considers the bulk metric 

ds^ = a^{x^)g^^{x^')dx>'dx'' + dxl (90) 

and the branes are located at and R{x^). Integrating over the fifth dimension, 
the dynamics of the branes can be described by an effective action involving the 
radion and determined by the underlying supergravity Kahler potential [201 1^ 

if -31n(l -£-'^(■5+^)) (91) 

where S is the radion superfield and S + S — 2R for its bosonic part. This 
specifies the action entirely up to the supersymmetry breaking potential induced 
by the detuning of the brane tensions. The potential term is 



6fc(l-r) 



d^x^il ~ e-^^^) (92) 



«5 

in the brane frame where the Einstein-Hilbert term reads 



1 



g(l - e-"'=^^)7^ (93) 



and is the 4d curvature. In the Einstein frame the radion action reads 

- ^ y ^^^V^( fc4(,2.H_i)2 (^^)^ + 24(r- 1)^^--^). (94) 
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It is convenient to normalise the radion kinetic terms by defining 



1 e"'^^ - 1 



in such a way that the action becomes 

~ 4^ / + - 1) cosh(2<^)). (96) 

Notice that 4) varies between — oo and zero. The potential is unbounded from 
below and always negative. 

Let us take the limit = where the branes are infinitely far apart, i.e. the 
one brane system. The potential reduces to a cosmological constant 

3(T-1)A; 

A^=o = ^ o ' (97) 

This cosmological constant for a one brane system coincides with the boundary 
cosmological constant as obtained from the AdS^ boundary metric 

^AdS, = (98) 

for \T — 1| << 1 and we have used k\ = 2kK\. The two-brane system has a 
non trivial potential whose limiting value is equal to the one-brane cosmological 
constant. 

Let us now show that cosmological solutions of this low energy action always 
reach a big crunch singularity. We focus on flat spatial sections. Looking for 
FRW solutions in the Einstein frame with scale factor a leads to 

^ = -4(^ + (l-I^)cosh(2</,)) (99) 

in 4d Planck imits and ' = d/dt. Notice that a < implying that a decreases. 
Starting from d > 0, the scale factor first increases before reaching a turning 
point where d = 0, then entering a contracting phase with d < 0. Eventually the 
scale factor has to vanish as no minimum for a can exist. Hence cosmological 
solutions with a flat spatial section end up in a big crunch singularity. 

Consider static configurations now. We choose the ansatz for the metric 

g^^dx'^dx'' = dxl + a^{x3){-dt^ + d^l) (100) 

where cZri? is the line element of the two dimensional symmetric space with 
curvature fc = 0,±1. We also restrict ourselves to 0(^3). Define 

F= 12fc^(l-T)cosh4= (101) 
v3 
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where — 2y/3(j) is the canonically normahsed field. Notice that V is the 
opposite of the potential appearing in the action. The Einstein equations lead 
to the Friedmann equation 

We have introduced H = ^ where ' = d/dx^. Notice the factor of 3 in the 
curvature term as we only consider two dimensional static symmetric spaces. 
The Klein- Gordon reads 

0" + 3770' = -^ (103) 

We have thus rewritten the equations of motion of static configurations in a 
form similar to cosmological equations where time is replaced by 2:3. 

We are looking for solutions where the branes at infinity x-i = ±00 in the 
coordinate system used to define the metric (|100|) are far away cj) — Q. This 
corresponds to the field starting at the minimum of the potential, the field 
being negative decreases and reaches a minimum before falling down to the 
origin again. We will consider the case where the minimum is close to the origin 
and (j)' remains small. In that case the Friedmann equation reduces to 



if2 = -^ + A (104) 
Choosing fc = — 1, we find a bounce 



a(x3) = ^4 V ^^^3) (105) 

We can now discuss the solutions of the Klein- Gordon equation in two regimes. 
When >> 1, one can approximate H"^ = -^A^ds^ ^j^^ Klein- 

Gordon equation becomes 

^" + 3H4>' + 2H'^4> = (106) 
Hence the field 6 behaves like 



A_e\ 3 --+5_e-V 3 (107) 



for X3 < and 



A+e V 3 '+B+e V ^ (108) 



for X3 > and some constants ^± < and B± < 0. When K/— ^^xs] << 1, 



one can neglect H in the Klein-Gordon equation leading to 



Ccos(a/-^^^^X3) (109) 
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for some constant C . It is interesting to connect (j) and the radion. For large 
l^al the radion is hnear 

R{xs) = h\x3\ (110) 

while it is goes to a non- vanishing constant for small X3. Hence we find that the 

second branc is wedge like. Locally this solution resembles the rotated branes 
obtained previously although in a different coordinate system. 

For phenomenological models, this type of behaviour for the radion is partic- 
ularly undesirable as it leads to large Lorentz violating effects due to the spatial 
dependence of the radion field. It also leads to a negative potential energy 
as compared to the observation of a small positive cosmological constant. Of 
course this prompts towards modifying the previous setting by including other 
sources of supersymmetry breaking which may compensate the negative radion 
potential that we have derived. 



5.2 Charged Branes 

So far we have considered neutral branes. Here we will consider charged branes. 
One can also introduce a bulk four- form C coupling to the branes 

^ = 4/^-^->/,^ + >/^ (HI) 

where Q is the charge of the positive tension brane denoted by+ (— is the 
negative tension brane). We have defined the field strength 

F = dC (112) 

and the dual field is a scalar, hence the wedge product is not necessary in 
the kinetic terms. The equations of motion are given by 

Oft-. 

55(*F) = -^Q{5o - Sr) (113) 

implying that 

*F=^Qe(x5). (114) 

By duality we find that 

F = ^Qe{x5)./^dx^ A dx'^ A dx^ A dx'^ A dx^. (115) 
v3 

Notice that F is odd on the orbifold implying that its integral, i.e. the bound- 
ary terms, in the action vanishes identically. Substituting in the action and 
integrating over the extra- dimension we find 



>4Q^ 

12k 



I d'xV^il - e-^'^^). (116) 
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In the Einstein frame, this leads to a potential for the radion 

VF = ^cosh2cp. (117) 

The total potential energy including both the effects of detuning the brane 
tensions and the coupling to the bulk four-form reads 

V^=(^-^^^^)cosh2<^ (118) 

We find that there is a BPS bound 

where the charge of the branc is equal to the deficit of brane tension. This 
case might be a necessary condition to allow the supersymmetrization of the 4- 
form action, once proper superpartners have been introduced, although we have 
not tried to ascertain this result. Below the BPS bound, the radion potential 
is unbounded from below. When the charge saturates the BPS bound, we 
see immediately that the radion potential vanishes altogether, i.e. the radion 
remains a flat direction. This signals the absence of force between the branes. 
Above the BPS bound the radion acquires a positive potential. The radion rolls 
down towards infinity where the branes are infinitely far apart. Doing so, the 
asymptotic dynamics are dominated by a cosmological constant. In conclusion, 
the brane system is not stabilised once supersymmetry is broken. In the most 
favourable case above the BPS bound, the two branes repulse each other. 



6 Conclusion 

We have presented results on the spontaneous breaking of supersymmetry in 

five dimensional supergravity with two boundaries. We have studied classical 
configurations corresponding to rotated branes with either singular intersecting 
branes or parallel branes preserving 1/4 of supersymmetry. We have then anal- 
ysed the low energy effective action involving the coupling of the radion field to 
4d gravity. The radion acquires a negative and unbounded from below poten- 
tial. The radion potential can be rendered bounded from below by coupling the 
boundary branes with a four-form. Above a BPS bound, the potential admits 
a minimum corresponding to infinitely separated branes. When saturating the 
BPS bound linking the charge to the deficit of tension, the radion has a flat 
potential. Above the BPS bound the branes roll away to infinity where the re- 
maining cosmological constant is positive. The phenomenology of such a system 
is currently under study. 
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8 Appendix A: Rotated branes and AdS^ branes 

Consider a single detuned brane T < 1. One can find a solution of the equations 
of motion where slices of constant z admit an AdS4 metric 

ds'^ = a'^{z)g^^dx^dx'' + dz^ (120) 

where g^i, is the AdS^ metric with cosmological constant 

^AdS, = 3(t2 - l)e < (121) 

and 

g^^dx^dx" = e-V-3AA<iS453 + + dxl) + dxl (122) 
The scale factor reads 



a{z) = cosh(fc0 - C). (123) 

/c 

The metric is isometric to the warped metric of AdS^ 

ds^ = e-2'=^=r,^„da;^da;'' + dxl (124) 

using 



= J-- tanh(C- A;^)eV-3AAdS4S3 



X5 = 



AAdS.xs ln(^^cosh(C-M) 



(125) 



and i = t, xi = Xi, $2 = X2- The boundary condition at 2; = for the single 
brane reads 

tanh(C) = T. (126) 
Under the previous mapping, the brane at 2; = is mapped to a rotated brane 

y = hx3 (127) 

in conformal coordinates ky = . Now let us try to include a second brane 
with negative tension at 2; = p, the boundary condition reads 

tanh(fc/9 -C) = -T (128) 

whose only solution is p = 0. Hence the metric with AdS'4 slicing at constant z 
is not a solution of the two brane system. 
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9 Appendix B: Massless Gravitons 

Let us give a thorough analysis of the Israel matching conditions applied to the 
massless gravitons. We choose to work in the transverse traceless gauge where 

n^,{y,x^^)^<j,{y)e'^--n,,. (129) 

The condition (|57|l reduces to 

h n^^h 

hx{Pt_Lni +Pun^ -p^n^^) = ak '^^iJ^ i'^f^u + h^K). (130) 
Contracting with p^^ and using = one finds that 

hf.n^^'K = (131) 

together with 

hxip^^n^ + p^n^^ ~ p^n^^) ^ 0. (132) 
This equation can be treated separating two different cases. 

9.1 p.h^O 

Let us choose two space-like orthogonal unit vectors ef, z = 1,2 , which are 
orthogonal to p and h. This completes a basis of 4d vectors. Projecting the 
boundary equation H132|l leads to 

ei.n.Cj — 0. (133) 

Let us now choose a particular basis of traceless and symmetric tensors com- 
prising {h^h'^ - x'?'")' (« - jV""), i(e5'e^ + e^ e|) j(ef fa" + e^h'') 
and \{e-^p'^ + e.'iP^)- Using the transverse condition and p31ll33|l . one finds 
that 

2 

+ (134) 

1=1 

Using the residual gauge invariance with vector e^^e'^^-^ such that 

2 

e^'^J^ftef (135) 

i=l 

the gauge transformation 

n^j. nf^^ + Pf_,e^ + p^e^ (136) 
one can fix j3i = —hai. Hence no massless graviton appears in the spectrum. 
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9.2 p.h = 

Notice first that one can choose a basis of vectors such that are now such 
that h.Ci = 0, 61.62 = and p. 62 — 0. Notice that p. 61 ^ here. The new basis 
of traceless symmetric tensors is now p^p'^ , {h'^h^ — ^i]'^'^), (6^6^^ — jT]^'^), 
^{e^e^ + 65'6^), 1(6^/1" + 6j'/i'^), i(6^p'' + e^p'') and ^{p'^h'^ + p'^ht'). The 
boundary equation reads now 

hx{pf,ni + p^n^) = (137) 

leading to 

efn^./i" = 0. (138) 
The solutions to these constraints read now 

n^. = apf,p, + ^{et^p'' + e'^p^'). (139) 

The residual gauge invariance parametrized by e''6*^'^ involves two components 

= piei^+ppf". (140) 
Using (3 = —■^a and /32 — ^^oi2, no graviton remains in the spectrum. 
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